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Abstract. Let M be a compact spin manifold with a smooth action of the n- 
torus. Connes and Landi constructed 9-deformations Mg of M , parameterized 
by n X n real skew-symmetric matrices d. The Mg 's together with the canonical 
Dirac operator {D,'H) on M are an isospectral deformation of M. The Dirac 
operator D defines a Lipschitz seminorm on C{Mg), which defines a metric on 
the state space of C{Mg). We show that when M is connected, this metric 
induces the weak-* topology. This means that Mg is a compact quantum 
metric space in the sense of Rieffel. 



1. Introduction 

In noncommutative geometry there are many examples of noncommutative spaces 
deformed from commutative spaces. However, for many of them the Hochschild di- 
mension, which corresponds to the commutative notion of dimension, is different 
from that of the original commutative space. For instance, the C*-algebras of 
the standard Podles quantum 2-spheres and of the quantum 4-spheres of ^ are 
isomorphic to each other, and their Hochschild dimension is zero |17| . 

In [HI Connes and Landi introduced a one-parameter deformation Sg of the 4- 
sphere with the property that the Hochschild dimension of Sg equals that of S'^. 
They also considered general 0-deformations, which was studied further by Connes 
and Dubois- Violette in (see also |2S!)- In general, the 6'-deformation Alg of 
a manifold M equipped with a smooth action of the n-torus T" is determined 
by defining the algebra of smooth functions C°°(Mg) as the invariant subalgebra 
(under the diagonal action of T") of the algebra C°°(A/ x Tg) := {M)%)C'^ {Tg) 
of smooth functions on M xTg; here is a real skew-symmetric nxn matrix and Tg 
is the corresponding noncommutative n-torus. This construction is a special case 
of the strict deformation quantization constructed in ! 2T) . When M is a compact 
spin manifold, Connes and Landi showed that the canonical Dirac operator [D, Ti) 
on M and a deformed anti-unitary operator Jg together gives a spectral triple for 
C°°{Mg), fitting it into Connes' noncommutative Riemannian geometry framework 
[315]. In [7] Connes and Dubois- Violette also showed how 6'-deformations lead to 
compact quantum groups which are deformations of various classical groups (see 
also [SE Section 4]). 

In this paper we investigate the metric aspect of 0-deformation. The study 
of metric spaces in noncommutative setting was initiated by Connes in 0] in the 
framework of his spectral triple. The main ingredient of a spectral triple is a Dirac 
operator D. On the one hand, it captures the differential structure by setting 
df = [D, /]. On the other hand, it enables us to recover the Lipschitz seminorm L, 
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which is usuaUy defined as 

where p is the geodesic metric on the Riemannian manifold, instead by means of 
^(/) — II /] IIj ^-iid then one recovers the metric p by 

(2) P{x.y)^ sup \f{x)-f{y)\. 

Lif)<l 

In 01 Section 1] Connes went further by considering the (possibly +oo-valued) 
metric on the state space of the algebra defined by 101 ■ Motivated by what happens 
to ordinary compact metric spaces, in [221 1281 I2'4) Rieffel introduced "compact 
quantum metric spaces" (see Definition 12 . 91 below) which requires the metric on the 
state space to induce the u'*-topology. Many examples of compact quantum metric 
spaces have been constructed, mostly from ergodic actions of compact groups 
or group algebras |26[I18| . Usually it is quite difficult to find out whether a specific 
seminorm L on a unital C*-algebra gives a quantum metric, i.e., whether the metric 
defined by on the state space induces the u;* -topology. 

Denote by Lg the seminorm on C{Mg) determined by the Dirac operator D (see 
Definition 13.111 below for detail) . Notice that when M is connected the geodesic 
distance makes M into a metric space. Then our main theorem in this paper is: 

Theorem 1.1. Let M be a connected compact spin manifold with a smooth action 
o/T". For every real skew- symmetric n x n matrix 9 the pair {C{Mq), Lq) is a 
C* -algebraic compact quantum metric space. 

Motivated by questions in string theory, Rieffel also introduced a notion of quan- 
tum Gromov-Hausdorff distance for compact quantum metric spaces |24II25| . It has 
many nice properties. Using the quantum Gromov-Hausdorff distance one can dis- 
cuss the continuity of ^-deformations (with respect to the parameter 9) in a concrete 
way. This will be done in [TB| . 

This paper is organized as follows. We shall use heavily the theory of locally con- 
vex topological vector spaces (LCTVS). In Section El we review some facts about 
LCTVS, Clifford algebras, and Rieffel's theory of compact quantum metric spaces. 
Connes and Dubois- Violette's formulation of 0-deformations is reviewed in Sec- 
tion (31 In Section ^ we prove a general theorem showing that in the presence of 
a compact group action, sometimes we can reduce the study of a given seminorm 
to its behavior on the isotypic components of this group action. Section [3 contains 
the main part of our proof of Theorem 11.11 where we study various differential 
operators to derive certain formulas. Finally, Theorem ll.il is proved in Sectional 

Throughout this paper G will be a nontrivial compact group with identity ec, 
endowed with the normalized Haar measure. Denote by G the dual of G, and by 
7o the trivial representation. For any 7 G G let X7 be the corresponding character 
on G, and let 7 be the contragradient representation . For any 7 G G and any 
representation of G on some complex vector space V ^ we denote by the 7- 
isotypic component of V . If J' is a finite subset of G, we also let Vj = '}2,^^j Vj, 
and let J = {7 : 7 e J}. 

Acknowledgments. This is part of my Ph.D. dissertation submitted to UC Berke- 
ley in 2002. I am indebted to my advisor. Professor Marc Rieffel, for many helpful 
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2. Preliminaries 

In this section we review some facts about locally convex topological vector 
spaces (LCTVS), Clifford algebras, and Rieffel's theory of compact quantum metric 
spaces. 

2.1. Locally convex topological vector spaces. We recall first some facts about 
LCTVS. The reader is referred to |29l Chapters 5 and 43] for detailed informa- 
tion about completion and tensor products of LCTVS. Throughout this paper, our 
LCTVS will aU be Hausdorff. 

For any LCTVS V and W, one can define the projective tensor product of V and 
W, denoted by V W, as the vector space V (^5 W equipped with the so called 
projective topology. V W is also a LCTVS, and one can form the completion 

For continuous linear maps ijjj : Vj — > Wj {j = 1, 2) between LCTVS, the tensor 
product linear map V'l (^tt V'2 : Vi ^ ^ Wi ®7r W2 is also continuous and extends 
to a continuous linear map ?/'i'X'7rV'2 : Vi^TrV2 — > Wi^TrW2- 

Let y be a LCTVS, and let a be an action of a topological G on by automor- 
phisms. We say that the action a is continuous if the map G x y — > V given by 
{x,v) 1-^ oi.j;{v) is (jointly) continuous. Let V (resp. W) be a LCTVS and a (resp. 
/?) be a continuous action of G on V (resp. W). Then the tensor product action 
a(S>Tr(3 of G on V^t^W is easily seen to be continuous. 

A locally convex algebra (LCA) is a LCTVS V with an algebra structure such 
that the multiplication V x V ^ V is (jointly) continuous. If furthermore y is a 
^-algebra and the ^-operation * : V V is continuous, let us say that y is a locally 
convex ^-algebra (LC*A). A locally convex left V -module of V is a left V^-module W 
such that the action V x W ^ W is (jointly) continuous. For a smooth manifold 
M, the space of (possibly unbounded) smooth functions G°°(M) equipped with 
usual Frechet space topology is a LC>i=A. For a smooth vector bundle E over M, 
the space of smooth sections C°° {AI, E) is a locally convex G°°(Af)-bimodule. If 
furthermore E is an algebra bundle with fibre algebras being finite-dimensional, 
then C°°{M,E) is also a LCA. We shaU need Proposition lO below. 

Lemma 2.1. Let V and W be two LCTVS. Denote by V and W the completion 
of V and W respectively. Then 

Proof. The natural linear maps Ly '. V ^ V and l\y ■ W ^ W are continuous, 
so we have the continuous linear map Lv<S>Trt-w ■ V(E)TrW V^t^W, which is the 
unique continuous extension of Ly (i^) lw ■ V W ^ V W . 

Let vq e V (resp. wq G W) and a net {vj}j^i (resp. {wj}j^i) in V (resp. W) 
converging to vq (resp. vuq). Let p (resp. q) be a continuous seminorm on V (resp. 
W). Consider the continuous tensor product seminorm p^Tr(\ on V(kTrW defined by 

(p®^q)(?7) = inf^p(z;;)q(w;;) 
j 
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for all 7] £V W, where the infimum is taken over ah finite sets of pairs (Wfc, w^) 
such that 

k 

It satisfies 

iV<^TTq){v w) = \){v)q{w) 
for all V ^ V and w ^ W [23 Proposition 43.1]. In particular, we have 

(p(8)^q)(Wj (g) Wj - Vy Wy) = (p®Trq)((Wj - Vji) ® Wj + Vy {Wj - Wy)) 

< p{vj - )qK) + p{vf)q{wj - ) ^ 

oo. Since such pi§)^q form a basis of continuous seminorms on V^ttW 
[221 page 438], the net {vj ® wjjjfzj is a Cauchy net in V^t^W. Then it converges 
to some element in V(E),rW. Let ip{vo,wo) — limj^ocivj ® Wj). Clearly ip{vo,wo) 
doesn't depend on the choice of the nets and {wj}jg/. So the map (p : 

y X W — > V^ttW is well-defined. It is easy to see that (p is bilinear and is an 
extension of the natural map V x W V(S^TrW. Denote the extension of p (resp. 
q) on V (resp. W) still by p (resp. q). Notice that 

(p'X)^q)(¥'(wo, Wo)) = (P«)7rq)( hm {v^ (S>Wj)) = lim {p(§)-^q){vj (»Wj) 

j—^oo j — * OO 

= lim p{vj)q{wj) = p(u)q(u;). 

So (yC is continuous, and hence the associated hnear map 0^ — > V^^rW is 
continuous |52| Proposition 43.4]. Consequently, we have the continuous extension 
^l> : V^^W V^^W [23 Theorem 5.2]. 

Notice that V®W is dense in both V(E>ttW and FCED^VF. Clearly -0 and ty^jr^vF 
are inverse to each other when restricted to 1^ ® W. It follows immediately that ip 
and lv'S^-kI'W are isomorphisms inverse to each other between V^t^W and V(S^TrW. 

□ 

Lemma 2.2. Let ('j = 1,2; 6e LCTVS, and let ip^ : Vj x Wj he 

continuous bilinear maps; then the bilinear map 

ipi<S>ip2- (Vi V2) X {Wi (g) W2) ^ Hi®H2 

extends to a continuous bilinear map 

^i^ni^2 ■■ (Vi^^Fa) X iWi^^W2) -> Hi®^H2. 

Proof. We have the associated continuous linear map Lpj : Vj Wj — ^ Hj^j = 1, 2 
Proposition 43.4] and hence the continuous linear map 

^i®7.p>2 ■■ {Vi ®^ Wi)th^{V2 0^ W2) Hi%)^H2. 
By the associativity of the projective tensor product and Lemma l2. II we have 

(yi®^Wi)®^{V2®^W2) 

= {{Vi (E>^ Wi) ®^ V2)(E>^W2 - {{Vi V2) ®^ Wi)®^W2 
= (V^i ®^ V2)®^{Wi ®^ W2) = (Vi®^V2)®^{Wi®^W2). 

So we get a continuous hnear map {Vi®TrV2)®Tv{Wi®TrW2) Hi®t^H2, which 
is equivalent to a continuous bihnear map {Vi®t^V2) x {Wi®t^W2) Hi®.,^H2- 
Clearly this extends the bihnear map ?/'i0''02 : {Vi®V2)x{Wi®W2) Hi®H2- □ 
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Proposition 2.3. Let V and W be LCA. Then V^^rW is also a LCA extending 
the natural algebra structure on V i^W. If both V and W are LC*A, so is V^t^W. 
If H is a locally convex left V -module, then II>SittW is a locally convex left V^t^W- 
module. 

Proof. By Lemma 12.21 we have the continuous bihnear map 

{V®^W) X {V®.^W) -> V®.^W 

extending the multiplication of V ®W . Since V ®W is dense in V^t^W , clearly the 
above bilinear map is associative. In other words, V^t^W is a LCA. The assertion 
about modules can be proved in the same way. 

If both V and W are LC*A, then we have the tensor product of the ^-operations 
V®.^W V(E)TrW. Since it extends the natural ^-operation on y it is easy to 
check that it is compatible with the algebra structure. So V^t^W is a LC*A. □ 

For any LCTVS V and W, one can also define the injective tensor product V^^W 
of V and W, and form the completion V^^W. Let us say that a continuous linear 
map '0 : y — > is an isomorphism of V into 14^ if -0 is injective and tp : V 
is a homeomorphism of topological spaces. The only property about injective tensor 
product we shall need is that if tpj is an isomorphism of Vj into Wj for j = 1,2, 
then the corresponding tensor product linear map 'ipi®t''p2 is an isomorphism of 
Vi®^V2 into Wi®^W2 123 Proposition 43.7]. 

Let n > 2, and let be a real skew-symmetric n x n matrix. Denote by Ae 
the corresponding quantum torus ^lUni- It could be described as follows. Let oj0 
denote the skew-symmetric bicharacter on Z" defined by 

For each p S Z" there is a unitary Up in Ae . And Ae is generated by these unitaries 
with the relation 

UpUq = ujeip, q)Up+q. 

So one may think of vectors in Ae as some kind of functions on Z" . The n-torus 
T" has a canonical ergodic action t on Ae- Notice that Z" is the dual group of T". 
We denote the duality by (p, x) for x G T" and p G Z" . Then t is determined by 

TxiUp) = {p,x) Up. 

The set Ae^ of smooth vectors for the action t is exactly the Schwarz space 5(Z") 
[2] . Let Xi, - ■ ■ , Xn be a basis for the Lie algebra of T" . Then we have the 
differential dxj (/) for each / G A'g' and I < j < n. For each fc G N define a 
seminorm, qfe, on A"^ by 

qfe := max || • • 9^; (/) || • 

\m\<k 

Clearly A^ is a complete LC*A equipped with the topology defined by these qfe's. 
On the other hand, it is easy to see that this topology is the same as the usual 
topology on iS(Z"). Thus Ag^ is a nuclear space j^Hl Theorem 51.5], which means 
that for every LCTVS V the injective and projective topologies on V®A^ coincide 
Theorem 50.1]. So we shall simply use V ®) A'g' to denote the (projective or 
injective) topological tensor product. The algebraic tensor product will be denoted 
hy V®aig A^. 
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We shall need to integrate continuous functions with values in a LCTVS. For 
our purpose, it suffices to use the Riemann integral. Though this should be well- 
known, we have not been able to find any reference in the literature. So we include 
a definition here. 

Lemma 2.4. Let X be a compact space with a probability measure /i. Let 

L .= { {^1, • • •, Xk\ ■ Xi, ■ ■ •, Xk are disjoint measurable subsets of X, 
keN, u'^^^Xj = X} 

be the set of all finite partitions of X into measurable subsets with the fine order, 
i.e. 

{Xi, ■ ■ -^Xk} > {X[, ■ ■ -^X').,} if and only if every Xj is contained in some Xj,. 

Let V be a complete LCTVS, and let f : X V be a continuous map. For each 
{Xi, • ■ •, Xk} in I pick an Xj G Xj for each j , and let 

k 
J = l 

Then {v{Xx,- -.Xk}}{Xi,- -,x,,}ei o, Cauchy net in V , and its limit doesn't depend 
on the choice of the representatives xi, • ■ -jXfc. 

Proof. Let a continuous seminorm p on y and an e > be given. For each x ^ X 
there is an open neighborhood Ux of x such that p{f{x) — f{y)) < e for all y ^Ux- 
Since X is compact, we can cover X with finitely many such lAx, say lAxn ■ ■ 'lUxk- 
Let Xi = Uxi and Xj = Uxj \ ^iZl^s inductively for aU 2 < j < k. Then 
{Xi, ■ ■ ■, Xk} is a finite partition of X. For any {X[, ■ ■ ■, X'f,,} > {Xi, ■ ■ ■, Xk}, 
clearly p{v^x[,---.x' ,} ~ ''^{Xi,---.Xk}) — no matter how we choose the representa- 
tives for {X[, ■ ■ ■, X'f.,} and {Xi, ■ ■ •, Xk}. This gives the desired result. □ 

Definition 2.5. Let X be a compact space with a probability measure /i, and let 
/ be a continuous function from X into a complete LCTVS V. The integration of 
/ over X, denoted by /d/i, is defined as the limit in Lemma [2. 41 

The next proposition is obvious: 

Proposition 2.6. Let X be a compact space with a probability measure fi, and let 
fiifi be continuous functions from X into a complete LCTVS V. Then 

(/i + /2) d^ ^ fidtJ.+ f2 d^i, 
X Jx Jx 



A/i dfi = X fid^i 
X Jx 

for any scalar X. If : V W is a continuous linear map from V into another 
complete LCTVS W , then 

ip o fidfi = i}{ fidfi). 
X Jx 

It is also easy to verify the analogue of the fundamental theorem of calculus: 
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Proposition 2.7. Let f he a continuous map from [0, 1] to a complete LCTVS V . 
Then 

/ = lim ^"^^^ ' — . 

2.2. Clifford algebras. Next we recall some facts about Clifford algebras 
Chapter 1] 12, Section 1.8]. 

Let be a real vector space of dimension m equipped with a positive-definite 
inner product. The corresponding Clifford algebra, denoted by Cl{V), is the quo- 
tient of the tensor algebra ©fc>o^ <S) ■ ■ • fS^V generated by V by the two sided ideal 
generated by all elements of the form v (E) v+ \\ v |p for v ^ V. The complexified 
Clifford algebra, denoted by Cf{V), is defined as CfiV) := Cl{V) ®m C. 

CZ'^(y) has a natural finite-dimensional C* -algebra structure ^2 Theorem 1.7.35]. 
Denote by SO{V) the group of isometrics of V preserving the orientation. For each 
g G SO{V) the isometry g : V ^ V induces an algebra isomorphism Cl{V) — > 
Cl{V) and a C*-algebra isomorphism Cf{V) Cf{V). In this way SO{V) acts 
on Cl{V) and Cf{V). 

Recall that a state (p on a, C*-algebra A is said to be tracial if (p{ab) — if {ha) for 
all a,h € A. 

Lemma 2.8. When m is even, there is a unique tracial state tr on Cf^{V). When 
m is odd, let ^ '.— i 2 c\ • • • e^ri 

be the chirality operator, where ei,---,e„i is an 
orthonormal basis of V . Then 7 is fixed under the action of SO{V) (equivalently, 
7 doesn't depend on the choice of the ordered orthonormal basis ei, • • ■ , j, and 
there is a unique tracial state tr on Cl'^{V) such that tr{'-f) = 0. In both cases, tr 
is SO{V)- invariant. 

Proof. In both cases, the S'0(F)-invariance of tr follows from the uniqueness. So 
we just need to show the uniqueness of tr. 

When m is even, Cl^{V) is isomorphic to the C*-algebra of 2^ by 2^ matrices 
Theorem 1.3.2]. The uniqueness of tr follows from the fact that for any n G N 
the C*-algebra of n by n matrices has a unique tracial state 13, Example 8.1.2]. 

Assume that m is odd now. Then Cl'^{V) is isomorphic to the direct sum of 
two copies of the C*-algebra of 2^^ by 2"^^ matrices .11,, Theorem 1.3.2]. Say 
Cl^{V) = Ai (B A2, where both Ai and A2 are isomorphic to the C*-algebra of 
by matrices. Let pj be the projection of Cl'^{V) to Aj, and let (pj 

be the unique tracial state of Aj. Then the tracial states of Cl'^{V) are exactly 
Ai^i o pi + [1 — X)(f2 ° P2 for < A < 1. It is easily verified that 7 belongs to the 
center of Cl'^{V). So 7 must be in C • 1^^ + C • l^^. It's also clear that 7-^ = 1 
and 7 ^ C. So 7 must be ±(1.Ai ~ ^A2)- It follows immediately that Cl^{V) has a 
unique tracial state tr satisfying tr{'-f) = 0, namely, tr = ^{(fii ° pi + (p2 op2)- It is 
easy to check that 7 is fixed under the action of SO{V). □ 

There is a natural injective map V ^ Cl{V). So one may think of y as a sub- 
space of Cl{V). The C*-algebra norm on Cl'^{V) extends the norm on V induced 
from the inner product (see [111 Theorem 1.7.22(iv)] for the corresponding state- 
ment for the real C*-algebra norm; the proofs are similar). Let AI be an oriented 
Riemannian manifold of dimension m. Then we have the smooth algebra bundles 
CIM and CfM over M with fibre algebras Cl{TM^) and Cf{TM^) respectively, 
where TM^ is the tangent space at X g M. These are called the Clifford algebra 
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bundle and the complexified Clifford algebra bundle. Since TAdx Q Cl{TAIx), the 
complexified tangent bundle TM"^ is a subbundle of CfM. Since Cf{TMx) is 
unital, C°°(M) is a subalgebra of C°°(Af, CZ^M). 

2.3. Compact quantum metric spaces. Finally, we review Rieffel's theory of 
compact quantum metric spaces [221 ESI 1^ 1^- Though Rieffel has set up his 

theory in the general framework of order-unit spaces, we shall need it only for 
C*-algebras. See the discussion preceding Definition 2.1 in |21] for the reason of 
requiring the reality condition ^ below. 

Definition 2.9. |24[ Definition 2.1] By a C* -algebraic compact quantum metric 
space we mean a pair [A^ L) consisting of a unital C*-algebra A and a (possibly 
-t-oo-valued) seminorm L on A satisfying the reality condition 

(3) L{a) = L{a*) 

for all a € A^ such that L vanishes exactly on C and the metric Pl on the state 
space S{A) defined by ^ induces the w*-topology. The radius of [A^ L) is defined 
to be the radius of [S{A)tPl)- We say that L is a Lip-norm. 

Let .4 be a unital C*-algebra and let L be a (possibly +oo-valued) seminorm on 
A vanishing on C. Then L and || ■ || induce (semi)norms L and || • ||~ respectively 
on the quotient space A = A/C 

Notation 2.10. For any r > 0, let 

Vr{A) -.^{aeA: L{a) <l,\\a \\< r}. 

The main criterion for when a seminorm L is a Lip-norm is the following: 

Proposition 2.11. ||22| Proposition 1.6, Theorem 1.9] Let A be a unital C* -algebra 
and let L be a (possibly -\-oo-valued) seminorm on A satisfying the reality condition 
Assume that L takes finite values on a dense subspace of A, and that L vanishes 
exactly on C. Then L is a Lip-norm if and only if 

(1) there is a constant K >Q such that \\ ■ ||~< KL on A; 
and (2) for any r > 0, the ball Vr(A) is totally bounded in A for \\ ■ ||; 
or (2') for some r > 0, the ball T^riA) is totally bounded in A for \\ ■ \\. 
In this event, r_4 is exactly the minimal K such that \\ ■ ||"^< KL on [A)sa- 

3. CONNES AND DUBOIS- ViOLETTE'S FORMULATION OF ^-DEFORMATIONS 

Though the Dirac operator does not depend on 9 in Connes and Landi's formu- 
lation of 6'-deformations in [HI Section 5], it does in Connes and Dubois- Violette's 
formulation in In this section we review the formulation of 0-deformations by 
Connes and Dubois- Violette fff. Sections 11 and 13], including the deformation of 
both the algebra and the Dirac operator. 

Let M be a smooth manifold with a smooth action gm of T". We denote 
by cr the induced action of T" on the LC*A C°°(M). Then a is continuous. By 
Proposition l2.3l the tensor product completion C°°{M)®A'^ is a LC*A. The tensor 
product action a(kT~^ of T" on C°°(M)®^g° is also continuous. The deformed 
smooth algebra Section 11], denoted by C°°{Mg), is then defined as the fixed- 
point space of this action, i.e. C°^{Me) = {C°°{M)®AfY®''~\ Clearly, this is a 
LC*A. 
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Suppose M is equipped with a crA/-invariant Riemannian metric. (For any Rie- 
mannian metric on M, we can always integrate it over T" to make it dAz-invariant.) 
Also assume that M is a spin manifold and that cta/ lifts to a smooth action as of 
T" on the spin bundle S, i.e. the following diagram 

S > S 



M > M 

is commutative for every a; G T". (Usually ctm doesn't lift directly to S, but lifts 
only modulo ±J, i.e. there is a twofold covering T" T" such that (Ta/ lifts to 
an action of the two-folding covering on S. Correspondingly, Connes and Dubois- 
Violette defined the various deformed structures using tensor product with Aig 
instead oi Ae. But for the deformed algebras and Dirac operators, the difference is 
just a matter of parameterization.) We denote the induced continuous action of T" 
on C°°(M, S) also by a. Then C°°(Af, S) is a locally convex left C°°(Af)-module 
and 

for aU / G C°°(M), V' G C~(M, S) and a; G T". We also have the tensor product 
completion C°° (M, , which is a locally convex left module over C°° {M)'S>Af 

by Proposition O The tensor product action (T(g)r-i of T" on C°°(M, S)(g)A^ is 
still continuous. The deformed spin bundle, denoted by C°°{Mo, S), is then defined 
as the fixed-point space of this action, i.e. C°°{Mg,S) = {C°°{M, S)i)A^)'"^^~\ 
This is a locally convex left C°°(Me)-module. Let D be the Dirac operator on 
C°°{M, S). This is a first-order linear differential operator. So it is easy to see that 
D is continuous with respect to the locally convex topology on C°° (M, S) . Then 
we have the tensor product linear map _D®/ from C°°{M, S)(S^A'^ to itself. Notice 
that D commutes with the action a, so D^I commutes with the action ct^t"^. 
Therefore C°°{M0, S) is stable under D®I. Denote by Dg the restriction of D®I 
to C^{Mg,S). 

Assume further that M is compact. As usual, one defines a positive-definite 
scalar product on C°°(M, S) by 

Jm 

where vol is the Riemannian volume form. Denote by W = (M, S) the Hilbert 
space obtained by completion. Then C(M) has a natural faithful representation 
on Ti by multiplication, and we shall think of C(M) as a subalgebra of B{T-C), the 
C*-algebra of all bounded operators on Ti.. The action a uniquely extends to a 
continuous unitary representation of T" in 7i, which will be still denoted by a. 
On the other hand, Ag has an inner product induced by the unique r-invariant 
tracial state. Denote by L'^{Ae) the Hilbert space obtained by completion. Then 
Ae acts on L'^{Ag) faithfully by the GNS construction, and we shall also think 
of Ae as a subalgebra of B{L'^{Ae)). The action r also extends to a continuous 
unitary representation of T" in L/^^Ae). Let TL^Li^ {Ae) be the Hilbert space tensor 
product. Then we have the continuous tensor product action (j®t~^ on TL®L'^{Ae). 
The deformed Hilbert space, denoted by Tie, is defined as the fixed-point space 
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of H(E)L'^{Ae) under the action cr(g)r"^ Clearly the maps C°°{M,S) H and 
A'^ L'^{Ae) are continuous with respect to the locally convex topologies on 
C°°{M, S), A^ and the norm topologies on H, L'^iAe). Then we have the sequence 
of continuous linear maps 

C°°{M,S)^A^ ^ H<^^L^{Ae) ^ H^L^iAe), 

where H(kTTL^{Ag) is the completion of the projective tensor product of H and 
L'^iAe). Let $ : C°°{M, S)'§A'^ n^L'^{Ae) be the composition. Then $ is 
T"-equivariant. So $ maps C°°{Mg, S) into Tig. Let $g be the restriction of <f> to 
C^{Me,S). 

Lemma 3.1. Both maps (j) : C°°{M, S)(§A'^ H'^j^L'^iAe) and tp : 
T-L®t^LP'{A0) — > 7i®L'^{Ae) are injective. Consequently, $ and are injective. 

Proof. We'll prove the injectivity of <j). The proof for ip is similar. Recall the 
notation at the end of Section We shall need the following well-known fact 
several times. We omit the proof. 

Lemma 3.2. Let G be a compact group. Let a be a continuous action of G on a 
complex complete LCTVS V. For a continuous C-valued function Lp on G let 

Oiip{v) — I ip{x)ax{v)dx 
Jg 

for V i^V . Then : V V is a continuous linear map. If is a finite subset of 
G and if ip is a linear combination of the characters of ^ J , then (V) C Vj . 
Let 

"J = "i:^e^dim(7)x7- 

(When J is a one- element set {j}, we'll simply write a-y for a^^j.) Then aj{v) =w 
for all V £ Vj, and a j{v) = for all v € V-y with 7 G G \ 

From Proposition 12. 61 we also have: 

Lemma 3.3. Let G be a compact group with continuous actions a and (3 on complex 
complete LCTVS V and W . Let (j) : V —>■ W be a continuous G-equivariant linear 
map, and let ip : G ^ C be a continuous function. Then 

(4) (/} o ^ o (J). 

In particular, let J" be a finite subset of G. Then 

(j) o aj = (3j o (j). 

We shall need the following lemma a few times: 

Lemma 3.4. Let G be a compact group, and let h be a continuous C-valued function 
on G with h{eQ) = 0. Then for any e > there is a nonnegative function Lp on 
G such that Lp is a linear combination of finitely many characters, \\ Lp \\i= 1, and 
\\ip-h ||i< e. 

Proof. Notice that the left regular representation of G on L^{G) is faithful. Since 
the left regular representation is a Hilbert space direct sum of irreducible represen- 
tations, we see that any x ^ cq acts nontrivially in some 7 G G. Let U be an open 
neighborhood of eg such that \h(x)\ < e/2 for all x €U. For any x S G\U, suppose 
that X acts nontrivially in G G. Then there is some open neighborhood Ux of x 
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such that x' acts noiitrivially in for aU x' G Ux- Since G\W is compact, we can 
find xi,- ■ -.Xm <^ G\U so that Ux^, ■ ■ •, Ux„, cover G\U. Let Ju = {ix^^ ■ ■ -^Ix^}- 
Then no element in G\IA acts triviaUy in all 7 G Ju ■ Let tti be the direct sum of 
one copy for each 7 in Ju U {7o}i f^nd let x-ni be the character of tti. 

Let TT = TTi (g)7f]". Also let X be the character of TT. Note that x(a;) = Ixtti > 
for all X G. Let (pn = x"/ II x" l|i- Then each ipn is a linear combination of finitely 
many characters. Since every element in G\U acts nontrivially in tt, xix) < xi'^c) 
on G\U. Therefore it's easy to see (cf. the proof of Theorem 8.2 in 24 ) that 
^G\u Vn{x) — > as — > 00, and hence 



limsup / \ipn{x)h{x)\ dx < sup \h{x)\ < e. 
n^+co Jg xeu 



So when n is big enough, we have that || (/?„ • ||i< e. □ 

As a corollary of Lemma [3.41 we have: 

Lemma 3.5. Let G be a compact group. Let a be a continuous action of G on a 
complex complete LCTVS V . Let v . Lf a'f{v) = for all "f £ G, then v = 0. 

Proof. Let p be a continuous seminorm on V, and let e > 0. Define a function h 
on G by h{x) = p(v — ax(v)). Then h is continuous on G, and H^cg) = 0. Pick (p 
for h and e in Lemma 13.41 According to the assumption we have a<p(w) = 0. Then 



p{v) — p{v — aip{v)) — p{ ip{x){v — ax{v)) dx) < / tp{x)h{x) dx < e. 

Jg Jg 

Since the topology on V is defined by all the continuous seminorms, we see that 

w = 0. □ 

We are ready to prove Lemma IXTl Let a = I®t acting on = C°°(M, S)®Ag', 
and let (3 — I®t acting on TL(k).,^L'^{Ae). Let </> be as in Lemma [3. II Then (f) o a — 
(3o(f). Recall the notation about Ae in subsection 12. II For any q G Z" = T" clearly 
aq maps C°"{M)®aigA'^ onto C°° {M)®Uq. Since aq is continuous, by Lemma lT21 
it follows immediately that Vq — aq{V) — C°°{M, S)®Uq. Let / G ker{(f)). For any 
g G Z" by Lemma|nil(/.(ag(/)) = Pqi4'{f)) = 0. Now aq{f) G C°^{M,S) (g)Uq, and 
clearly (f> restricted to G°°(M, S) (8) Uq is injective. So aq{f) = 0. From Lemma 1531 
we see that f ~ 0. □ 

Lemma 3.6. The image ^g{C°° {Mg, S)) is dense in He. 

Clearly $(C°°(M, is dense in H^L'^{Ag), so this is an immediate con- 

sequence of the following: 

Lemma 3.7. Let G be a compact group. Let a and (3 be continuous actions of G on 
complex complete LCTVS V and W respectively. Let (p : V W be a continuous 
G-equivariant linear map such that 4>{V) is dense in W. Then (f>(V") is dense in 

Proof. Recall that 70 is the trivial representation of G. By Lemma 13.21 (3-^^ is 
continuous. So l3^^{(f>{V)) is dense in /S^oiW) = . But P^oi^l^iV)) = (j){a^„{V)) = 
according to Lemma rOl The conclusion follows. □ 

The Dirac operator D is essentially self-adjoint on Ti [151 Theorem 5.7]. Then 
D^L is also essentially self-adjoint on Ti^L"^ [Ae] 13 Proposition 11.2.37]. Denote 
its closure by D . 
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Lemma 3.8. ^{C°°{AI, S)iS)A'^) is contained in the domain of , and 
(5) Z?^' o$ = $o (Z?®/). 

Proof. For any y £ C'^{M,S)®A'^, take a net in C°^{M,S) ®aig con- 
verging to y. Then ^{y,) ^ <^{y), {D®I){yj) {D®I){y) and D^\^{yj)) = 
<^{{D®I)(yj)) $((D(g)/)(y)). So is contained in the domain of and 
D^"my))^mD®I){y)). □ 

So the intersection of Tie and the domain of contains <i>e(C°°(Me, S) ), which 
is dense in He by Lemma ITKl Clearly D®I commutes with the action cr®T~^, and 

r 2 r 2 J 2 

thus so does D . Hence D maps the intersection of Tie and the domain of D 
into Tie- Therefore the restriction of Z?^ to Tie is also self- adjoint. The deformed 
Dirac operator, denoted by Dg , is then defined to be this restriction. 

Similarly, the maps C°°{M) C{M) and Ag^ — > Ae are continuous with 
respect to the locally convex topologies on C°°(M), Ag^ and the norm topolo- 
gies on C{M), Ae- So we have the T"-equivariant continuous linear map ^' : 
C°°(M)(8)^g° C{M) (g) Ae , where C(M) ® Ae is the spatial C*-algebraic tensor 
product of C(M) and Ae [HI Appendix T.5]. 

Definition 3.9. We define the deformed continuous algebra, C(Me), to be the 
fixed-point algebra (C(M) AeY®''~\ 

Then maps C°°(Afe) into C(Me). By similar arguments as in Lemma mi and 
13. 71 we have 

Lemma 3.10. The map ^ is injective, and ^ {C°° (Mg)) is dense in C{Me). 

Clearly He is stable under the action of elements in C{Me). So we can define : 
C°°{Me) BiHe) as the composition of C°°{Me) C{Me) and the restriction 
map of C{Me) to B{He)- We shall see later in Proposition 15 . 61 that the restriction 
map oiC{Me) to BiHe) is isometric. So we may also think of C(Afe) as a subalgebra 
oiB{He). Then the closure of *e(C°°(M9)) is just C{Me). 

We shall see later in Proposition 15.21 that the domain of Dg is stable under 
and that the commutator [Dg^ ,'^e{f)] is bounded for every / £ C°°{Me). 



Definition 3.11. We define the deformed Lip-norm, denoted by Le, on C{Me) by 
Leif) ■■= 



[D^ J]l if/e*,(C-(M«)); 
-oo, otherwise . 



4. Lip-norms and Compact Group Actions 

In this section we consider a general situation in which there are a seminorm and 
a compact group action. We show that under certain compatibility hypotheses we 
can use this group action to prove that the seminorm is a Lip-norm. The strategy 
is a generalization of the one Rieffel used to deal with Lip-norms associated to 
ergodic compact (Lie) group actions |^[^. We'll see that ^-deformations fit into 
this general picture. 

Throughout this section we assume that G is an arbitrary compact group which 
has a fixed length function i.e. a continuous real- valued function, on G such 
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that 

K^y) < lix) + l{y) for all x,y e G 
l{x-^) = l{x) for all X e G 
l{x) = if and only if x = ec, 
where ea is the identity of G. 

Theorem 4.1. Let A be a unital C* -algebra, let L be a (possibly +oo-valued) semi- 
norm on A satisfying the reality condition and let a be a strongly continuous 
action of G on A. Assume that L takes finite values on a dense subspace of A, and 
that L vanishes on C. Let L' be the (possibly +oo-valued) seminorm on A defined 

by 

(6) L^M^supl """^ :xeG,x^eG}. 

l{x) 

Suppose that the following conditions are satisfied: 

(1) there is some constant C > such that L^ < C • L on A; 

(2) for any linear combination ip of finitely many characters on G we have L o 
ct(p ^ II 'Z' 111 on A, where is the linear map on A defined in Lemma \3.St 

(3) for each 7 G G with 7 ^ 70 the ball Vr{A^) := {a e A^ : L{a) < 1, || a ||< r} 
is totally bounded for some r > 0, and the only element in vanishing under L 
is 0; 

(4) there is a unital C* -algebra B containing A^^^ — with a Lip-norm Lb, 
such that Lb extends the restriction of L to A-y^. 

Then {A,L) is a G* -algebraic compact quantum metric space with r^i < + 
G /g, l{x) dx. 

Remark 4.2. (1) We assume the existence of {B, Lb) in the condition (4) only 
for the convenience of application. In fact, conditions (2) and (4) imply that L 
restricted to A^^ is a Lip- norm on A^^: for any a G A^^ and e > pick a' ^ A 
with L{a') < 00 and || a ~ a' ||< e. Then by Lemma 0^70 G -^70 
II a — a^o(a') || = || a^g{a — a') ||< e. By the condition (2) L{ajg{a')) < 00. Therefore 
L takes finite values on a dense subspace of Aj„. Then from Proposition 12 . Ill it is 
easy to see that L restricted to A~f„ is a Lip-norm on A^g . Consequently, we may 
take B to be A-yg itself. 

(2) Conditions (1) and (2) in Theorem 14 . 1 1 enable us to reduce the study of L to 
that of the restriction of L to each Aj. Conditions (3) and (4) say roughly that L 
restricted to each A-y is a Lip-norm. 

(3) Usually it is not hard to verify the condition (2). In particular, by Lcmma lT^ 
it holds when L is a-invariant and lower semicontinuous on {a G ,4 : L{a) < +00}, 
and {a & A: L{a) < +00} is stable under for every 7 G G. 

Lemma 4.3. Let a be a strongly continuous action of G on a C* -algebra A, and 
let L be a (possibly -{-oo-valued) seminorm on A. Suppose that L is a-invariant 
and lower semicontinuous on {a ^ A : L{a) < +00}. For any continuous function 
: G — > C, if {a A : L{a) < -\-oo} is stable under the map a^p : A A defined 
in Lem.m,a l3.'A then 

Loa^ <1| ip 111 L 

on A. 
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Proof. Wc only need to show L{a^{a)) <\\ (p ||i ■L{a) for each a & A with L{a) < 
+00. But 

k 

a^{a) = Uin ^ag^(a)^(i;j)¥3(gj), 

"* j=i 

where /i is the normaUzed Haar measure on G, (£'1, • • • , Ek) is a partition of G, 
gj e £'j, A{Ej) := sup{max(|v3(a;) - (/'(z/)!, \ax{a) - ay{a)\) : x,y e Ej} and 
A = maxi<j<fe A{Ej). By the assumptions we have 

fc 

L{a^{a)) < limML{J2agAa)fi{Ej)(p{g^)) 
i=i 

fc 

< i(a)hm_inf ^Mii;,)|^(5,)| = L{a) \\ ^ ||i . 

□ 

For 0-deformations of course A is C{Me). Notice that T" has a natural action 
/ (8) r on C{Me). They will be our G and a. 

The following lemma is a generalization of Lemmas 8.3 and 8.4 in |24j . 

Lemma 4.4. for att.?/ e > t/iere is a finite subset J ^ S in G, containing 70; 
depending only on I and e/C , such that for any strongly continuous isometric action 
a on a complex Banach space V with a (possibly +oo-valued) seminorm L on V 
satisfying conditions (1) and (2) (with A replaced by V ) in Theorem and for 
any v G V , there is some v' £ Vj with 

II u' ||<|| u II, L{v')<L{v), and \\v ~v' \\<eL{v). 

If V has an isometric involution * invariant under a, then when v is self-adjoint 
we can choose v' also to be self-adjoint. 

Proof. Pick cp for / and e/C as in Lemma Then there is a finite subset J" C G 
such that (/? is a linear combination of characters x-y for 1 ^ J ■ Replacing J by 
J \J J , we may assume that J = J . For any v gV clearly 

||a^(«) Bll^lli-IIHhll'^ll- 
A simple calculation as in the proof of |^ Lemma 8.3] tells us that 

\\v-a^{v)\\ < L\v) f p{x)l{x)dx <^L\v). 

Then it follows from the condition (1) in Theorem 14. II that || w — aip{v) \\< eL{v). 
Also from the condition (2) we see that L{aip{v)) < L{v). So for any v E A, the 
element v' — a^p^v) satisfies the requirement. 

Notice that (p is real-valued, so when v is self-adjoint, so is a,p{v). □ 

Proof of Theorem \4.1\ We verify the conditions in Proposition I2.1l| for {A,L) to 
be a compact quantum metric space one by one. 

Lemma 4.5. For any a G A if L[a) = then a is a scalar. 
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Proof. For any 7 £ ^7 by the condition (2) wc have 

L{a^{a)) <\\ dim(7)x7 111 '^(a) - 0. 
By conditions (3) and (4) we see that a-y(a) — for 7 7^ 70 and that a-yg{a) G C. 
Hence aj{a — a'y„{a)) — for all j £ G. Then Lemma 13.51 tells us that a = a-yg{a) G 
C. □ 

Lemma 4.6. For any R> the ball 

Vr{A) ^{aeA: L{a) <l,\\a \\< R} 

is totally bounded. 

Proof. For any e > by Lemma 14.41 there is some finite subset J' C G such 
that for every v G 'Dji{A) there exists v' G Vn^Aj) with || v — v' ||< e. Let 
M = max{|| dim(7)x^ ||i: 7 G J}. For any a = Y^-^ej"-! ^ ^-r(-^j) ^^^^ 7 G J 
we have 

II 07 11 = 11 adim(7)— («) ll<ll dim(7)x:; ||i • || a \\< M ■ R, 
and by the condition (2) 

L(a^) = i(adim(7)— (a)) ^11 dini(7)x^ ||i •i(a) < M. 

Therefore 

^'flC^j) C G : G L(aT.) < M, || ||< M ■ R}. 

By the conditions (3), (4) and Proposition 12. ll| the latter set is totally bounded. 
Then Vii{Aj) is totally bounded. Since e is arbitrary, T>r{A) is also totally 
bounded. □ 

Lemma 4.7. We have 

II ■ r< [tb + C jj{x)dx)L- 

on Asa/^S.. 

Proof. Let a G Asa with L(a) = 1. Let (/? be the constant function X'ya = 1 on 
G. Then a^p — a^^ and || ip 1. As in the proof of Lemma 14.41 we have 

ap{a) G {A°')sa and 

\\a-a^{a) ||<L'(a) / ip{x)l{x) dx < C ■ L{a) [ l{x)dx = C [ l{x)dx, 
Jg Jg Jg 

where the second inequality comes from the condition (1). Let b = a<p(a). By the 
condition (2) we have 

L{b) <\\ ^ 111 -m - 1. 

Then by Proposition 12. Ill 

TB >\\ b r>|| a r - II a-Mr>|| a r - \\a-a^{a) \\>\\ ~a T ~C [ l{x)dx. 

JG 

Therefore we have || • |r< (rg + C l{x) dx)L~ . □ 

Now Theorem 14.11 follows from Lemmas 14.514.71 and Proposition 12.111 immedi- 
ately. □ 
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5. Differential Operators and Seminorms 

In this section we make preparation for our proof of Theorem ll.il In SectionElwe 
shall verify the conditions in TheoremEIlfor {C{Mg), Lg, T", /(g)T). The semmorm 
Lg on C{Mg) associated to I® t is defined in Definition 15.41 The main difficulty is 
to verify the condition (1). We shall see that it is much more convenient to work 
on the whole Hilbert space H^L'^{Ag) instead of He- So wc have to study the 
corresponding seminorms and L' on C(M) (g) Ag (see Definitions 1^ and Ojl . 
We prove the comparison formula for and L' first, in H2U|) . Then we relate them 
to Lg and Lg by proving H22() . The information about these various seminorms 
is all hidden in differential operators, which involve mainly the theory of LCTVS. 
Subsections 15 . II and 15 . 21 are devoted to analyzing these operators. 

5.1. Differential Operators. In this subsection we assume that M is an oriented 
Riemannian manifold with an isometric smooth action cta/ of T". Our aim is to 
derive the formulas JSJ, lll|l and (|12|l below. 

Let Ct^M be the complexified Clifford algebra bundle on M. Then its space 
of smooth sections, C°°(M, CfM), is a LCA containing C°°{M) as a central sub- 
algebra, and containing C°°{M,TM''") as a subspace, where TM^ is the com- 
plexified tangent bundle. Using the Riemannian metric, we can identify TM 
and T*M canonically. Then C°^{M,T*M^) = C°°{M,TM^) is also a subspace 
of C°°{M,CfM). Notice that C°°{M,S) is a locally convex left module over 
^^"{M.Cf-M). Since Af is nuclear, the complete tensor products C'^{M)%)Af, 
C°°{M,TM^)(E}A'^ and C°° {M,T* M^)(g)A^ can be thought of as complete injec- 
tive tensor products, and hence are are all subspaces of {M,Cl''^M)^A'g^ (see 
the discussion after Proposition 12. 3|l . 

In the same way we think of C(M,T*M'^) = C{M,TM^) as a subspace of 
C{M, Cl'^M). Since the C*-algebraic norm on Cl'^{TMp) extends the inner-product 
norm on the tangent space TMp for eachp e M (see the discussion after Lemma lTH|) . 
clearly the supremum (possibly -|-oo-valued) norm on C{M, Cf'M) extends that on 
C{M,TM), which is pointwise the inner-product norm. 

Clearly the action of T" on the bundle TM extends to an action on the bundle 
Cf'M. We denote the induced continuous action on C°°{M^Cl^M) also by a. 
Much as in Section O we can define 

C°°{Mg,CfM) {C°°{M,CfM)^Ag')'"^'^'\ 
C°°{Me,TM^) := [C^ {M,TM^)®A'^Y®''~\ 
C°°(Mg,T*M^) ■= {C°"(M,T*M^)®Ag'Y'^^'\ 

The differential operator d : C°°{M) C°°{M,T*M^) is a first-order hnear 
operator, and hence easily seen to be continuous. Then we have the tensor product 
linear map d®/ : C°°(M)®^^ ^ C°°{M,T*M^)'^A'^. Notice that d commutes 
with the action a. So d(§I commutes with ct(8)t~^, and hence maps C°°{Mg) into 
C°°{Me, T*M^). The deformed differential dg is then defined to be the restriction 
of d®I to C°°(Me). 

For any / G C°°(A/) we have 

(7) [D, /] = df as linear maps on C°°(M, S*), 

where df e C°°{M,T*M^) C C°°{M,Cl^M) acts on C°°(M,5) via the left 
C°°(M,CZ^M)-module structure of C°°{M,S). Then it is easy to see that for 
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any / e C°°{M) ®aig A'^ we have 

[D ®I,f]^{d® I)f as linear maps on C°°(Af, S) ®aig A'^ . 

This means that the biUnear maps (/, t/") ^-> [D®/, /](^) and (/, ^) ^ {(d(E)I)f){ip) 
from := (C°°(M)(g)^~) x (C°°(M, S')®^g°) to C°°(M, S')®ylg° coincide on the 
dense subspace (C°°(M) ®a;g x {C°°{M,S) ®aig A'^). Since both of them 
are (jointly) continuous, they coincide on the whole of W. In other words, for any 
/ e C°°{M)®Af we have 

(8) [D®I, /] = (d®/)/ as linear maps on C°°(M, S)®A'^. 

The canonical M-bihnear pairing C°°{M,TM) x C°°{M,T*M) C°°{M) ex- 
tends to a C-bilinear pairing C°°{M,TM^) x C°°{M,T*M^) C°°{M), which is 
clearly continuous. For any Y e C°° {M,TM^) let iy be the corresponding con- 
traction C°°{M, T*M^) C°°{M). Then we have the tensor-product map iy®/ : 
C°°(M, T*M^)®A'^ C°°(M)® A'^. Let (9y : C°°{M) C°°{M) be the deriva- 
tion with respect to Y. Since dy is a first-order linear operator, it is continuous. 
Then we also have the tensor-product map (9y(8)/ : C°°{M)®A^ C°°{M)®A'^. 
For any / G C°°(M) it is trivial to see that 

dY{f) = iYidf). 

Then for any / G C°°{M) ®aig A^ clearly 

(ay ®/)(/) = ((iy®/)o(d® /))(/). 

By the same argument as for (jHJ, for any / e C°°(M)®y^g° we then have 

(9) (9y®/)(/) = ((iy®/)o(d®/))(/). 

Since the tracial state tr : Cl^{TMp) ^ C in Lemma 12.81 is invariant under 
the action of SO{TMp) for each p e M, we can use them pointwisely to define 
a linear map C°°{M,Cl'^M) C°°{M), which is clearly continuous. We de- 
note this map also by tr. Then tr is still tracial in the sense that tr{f ■ g) — 
t^ig • /) for Etny f,g E C°°{M,Cl^M). We have the tensor-product linear map 
tr®I : C°°{M,CfM)®A^ C°°{M)®A^. For any Y G C'^[M,TM^) C 
C°°{M,CfM) and Z G C°°(M,T*M^) C C°°{M,CfM), recalling that we have 
a canonical identification of C°°(M, TM"^) and C°°(M, T*M'^), we get 

ir(r • Z) = itr(r • Z + Z • r) = ^tr(-2 <Y,Z >) = - <Y,Z >= -\y{Z), 

where F • Z is the multiplication in C°°(M, CfM), and < ■, ■ > is the C°°(M)- 
valued C°°(M)-bilinear pairing on C°°{M,TM'^). So iy = o {-Y) on 
(-.oo(^^2.*j^^C)^ Then iy (g) / = (tr ® /) o {{-Y) ® 1) on C°°(M,r*M'^) ®aig A'^ . 
Since both iy®/ and {tr®!) o ((— F) ® 1) are continuous maps from 
C°°{M,T*M'^)®Af to C°°{M)®Af, we get 

(10) iy®/= (ir®/)o((-y)®l). 

as maps {M,T* M'^)®A'^ -> C°°{M)®A'^. Combining © and ^ together, 
for any / G C°°{M)®A'^ we get 

(11) (9f®/)(/) = {{tr®I) o ((-F) ® 1) o (d®/))(/). 

Let Lie(T") be the Lie algebra of T". For any X G Lie(T") we denote by X* 
the vector field on M generated by X. 
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Lemma 5.1. For any X e Lie(T") and any f e C°°(M)®^^ we have 

(12) lnn /""^^^,^^^^-^ -(a_x.l)/)(/). 

Proof. For any / G C°°(Af) and x G T" clearly 

CT.tx (/) - / 



(a-x#)(/) = lim 



(a_x#)(o-x(/)) = lim ^ 

= lima.( '''^^"^f ~^ ) = ^.(g-x#(/)), 

where the hmits are taken with respect to the locahy convex topology in C°° (M) . 
(Here we have —X"^ instead of X* in the first equation because (cetx (/))(p) = 
f{a'e-tx{p)) for any p G M.) So we see that the map t i-^ d-x*{^et^{f)) is 
continuous. When M is compact, we know that 

(13) ae*x (/)-/= /* d_x* i^e^- if)) ds = f a,.. {d_x* if)) ds, 
Jo Ja 

where the integral is taken with respect to the supremum norm topology in C (M) . 

Notice that the inclusion C°°(M) ^ C(M) is continuous when C°°(M) is endowed 

with the locally convex topology and C{M) is endowed with the norm topology. 

By ProDOsition l2.6l the integral a^sx id_x* (/)) ds is also defined in C°°{M), and 

is mapped to the corresponding integral in C(M) under the inclusion C°°(M) ^ 

C{M). Therefore we see that (I13II also holds with respect to the locally convex 

topology in C°°(M). For noncompact M, since the locally convex topology on 

C°°{M) is defined using seminorms from compact subsets of local trivializations, 

it is easy to see that (I13f) still holds. 

Now for any / G C°°{M) ®aig clearly we have 

{u,tx /)(/) - / = / (^e- ® I)iid~x* ® I)if)) ds 
Jo 

in C°°(M)(g)^^. For fixed X notice that / i-^ icr^tx ®I)if) — / is a continuous map 
from C°° {M)®A'^ to itself. It is also easy to see that both / i-^ id_x*®I){f) a-nd 
/ ^ Jg{agsx ®I){f) ds are continuous maps from C°°iM)(§A'^ to itself. So the 
map / ^ /o(fe=->^'X'/)((9_x#<8)/)(/)) ds from C°° {M)®A'^ to itself is continuous. 
Therefore, for any / G C°°iM)<S)A^ we have 



(ae*x »/)(/)-/= / (ae.x0/)((a_x#®/)(/))ds. 
Ja 

Now (Q21l follows from Proposition 12. 71 □ 



5.2. Seminorms. In this subsection we assume that M is an m-dimensional com- 
pact Spin manifold, and that the action (Tm lifts to an action on S. Notice that 
the fibres of CfM are all isomorphic to the C*-algebra CfiW), where R™ is 
the standard m-dimensional Euclidean space. Clearly C'^iM^Cf-'M) generates a 
continuous field of C*-algebras |H| Secton 10.3] over M with continuous sections 
r' = CiM,CfM). Recall that H is the Hilbert space completion of C°°{M,S). 
So the algebra C(M, Cf^M) has a natural faithful representation on Ti. It is easy 
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to see that the mclusion C°°{M,Cl^M) ^ C{M,Cl'^M) is continuous with re- 
spect to the locally convex topology on C°°{M,Cl'^M) and the norm topology 
on C{M,CfM). Just as in the case of C'^{M)®A^ C(M) Ae in Sec- 
tion |21 we have a T"-equivariant continuous linear map C°°{M,Cl''^M)^A^ — > 
C{M, Cf-'M) (i) Ae extending this former one. We still denote it by 5'. As in Lem- 
mas |0] and 5* is in fact injective. Clearly 5* is a *-algebra homomorphism. 
Let C(Me, CfUe) be (C(M, CfM)®A9Y'^'''' . We also have the homomorphism 
C°°{Me, CfMe) B{He), which we still denote by "^e. 

Proposition 5.2. For any f e C°°{M)^Ag^ the domain of D^' is stable under 
and 

(14) [D'^",^{f)]^^{{d®I)f). 

When f is in C°°(Mg), the domain of Dg is stable under 'i>g{f), and 

(15) [Dj;\^gif)]^^eidgf). 

Proof. By Lemma 12.31 C°°(M. S)(^A'^ is a locally convex left module over the 
algebra C°°{M,Cl^M) ^A'^. So we have the continuous maps: 

{C'^{M,CfM)®A'^) X {C°°{M,S)®A'^) C°°{M,S)®A'^ ^ H^L^{Ae). 

On the other hand, we have continuous maps: 

{C°°{M,CfM)(g)Af-') X {C°°{M,S)(E)AT) 
^ Bin^L'^iAe)) X H^L^iAe) H^L^iAe). 

The two compositions coincide on (C°°(M, CfM)(»aigA^) x (C°°(M, S)<»aigA^). 
So they coincide on the whole of {C°°{M,CfM)(g)Af) x (C°°(M, S")® Af). In 
other words, for any / G C"°{M,CfM)(g)A^ and any V G C°°(M, S')(g) A^ we 
have 

(16) *(/) • ^^|J) = $(/V^). 

Then for any / G C°°(M, CfM)^A^ and V G C°°(M, S)^A'^ we have 
$([i?®/,/](V')) 

= mD^I){fi>) - fUD^im i D^\<^>{f^)) - ^fUD^im 
•P i?^'((vI/(/))($(^))) - *(/) . ci>((i?®/)^) 

i D^\{^if)mm-'^if){D'^\Hm-[D''\^if)mi'))- 

So for any / G C°°(M, C/'^M)(t)^g° we have 

(17) ^o[D^IJ]^[D'^\^if)]o^ 

as linear maps from C°°{M, S)^A^ to H(^L2(y^e). When / is in C^{M)(§)A^ we 
also have 

$ o [D(E)I, /] ^ $ o {{d(E)I)f) ^ ^{{d(E)I)f) o $. 
Therefore, for any / G C°°{M)(g)A'^ we have 

(18) [£i'^',^'(/)]o$ = <I'((rf®/)/)o$. 
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For any z in the domain of D^' take a net i/'i in C°°(M, S)®Af with <i>(V'j) z 
and i:>^'($(i/;j)) ^ D^''{z). Then 

i?^^((vI/(/))($(V.,))) (*(/))(I?^^(<i>(^,))) + vI/((d0/)(/))(ci>(^,-)) 

and 

(*(/))(<i>(V;,))->(*(/))W- 
So (5'(/))(z) is in the domain of , and 

i?^^((vI/(/))(z)) = [^{!)){D^\z)) + 

Therefore the domain of D^^ is stable under *(/), and *(/)] = ^({d®l)j). 

The assertions about C°^{Mq) follow from those about C°°(M)«)ylg°. □ 

By Proposition 15.21 we see that the commutator , f] is bounded for any 
/ £ 'i' {C°° {M)(S)A'^) ■ Corresponding to Lg defined in Definition 13 . Ill we have: 

Definition 5.3. We define a seminorm, denoted by L^, on C{M) ® Ae by 

1 +0O, otherwise . 

Fix an inner product on Lie(T"), and use it to get a translation- invariant Rie- 
mannian metric on T" in the usual way. We get a length function I on T" by setting 
l{x) to be the geodesic distance from x to Ct" for a; G T". Notice that I ®t = a ® I 
is a nontrivial action of on C{Mg). To make use of Theorem 14. II we define two 
seminorms: 

Definition 5.4. We define a (possibly +oo- valued) seminorm on C{A4) (E> Ae 
for the action a ® I via 

^'(/):=sup{ " (-^y/)-^" :..eT-,.^e..}. 
/(a;) 

We also define a (possibly +oo- valued) seminorm Lg on C{Mo) for the action /®t: 
4(/):=sup{ " (^^y/)-^" :.erN.^eW. 

Then 

(19) 4 = 

on C(M6/), because there I ®t — a ® I. 

Our first key technical fact is the following comparison between L' and L^: 

Proposition 5.5. Let C be the norm of the linear map X* from Lie(T") to 

C°°(M, TM) C C(M, Cl'^M). Then on C{M) Ae we have 

(20) L^<C-L°. 
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Proof. Let X e Lie(T"). For any / G C°°{M)®A^ we have 



t^o ^ t ' 

j.^^ (ae*x^/)(vl/(/))-vI/(/) 

t^o t 

It follows immediately that VE'(/) is once-differentiable with respect to the action 
a ® 1. In fact, ^'(/) is easily seen to be smooth for the action a ^ I, though we 
don't need this fact here. By |24l Proposition 8.6] 

L (*(/)) = sup II Imi II . 

||X||=i r 

Then we get 

L\m{f)) - sup II (^'o(9_^#®/))(/) II 



l|A'|| = l 

im 

— sup 

11^11=1 



o {tr®I) o ® 1) o {d(g)I)){f) II 



Notice that the hnear map tr : C°°{M, CfM) C°°{M) extends to C(M, Cl'^M) 
C{M), which we still denote by tr. By Lemma the map tr : Cf(R"') ^ C is 
positive. Then so is tr : C{M,CfM) C{M). Since C{M) is commutative, tr : 
C{M, Cl'^M) C{M) is completely positive [101 Lemma 5.1.4]. Then we have the 
tensor-product completely positive map Proposition 8.2] trig)/ : C{M, Cf'M)® 
Ae C{M) (g) Ae. Consequently, we have || tr (g) / || = || {tr ® J)(l (g) 1) ||= 1 [1711 
Lemma 5.1.1]. In fact, tr (S) I is easily seen to be a conditional expectation in the 
sense of ^| Exercise 8.7.23], though wc don't need this fact here. Clearly 

(21) (tr (g) /) o 5' = f o (tr®/) 

holds on C°°{M, Cl'^M) ®aig Af . Since both maps here are continuous, lOJ holds 
on the whole of C°°(M, CfM)%)A'^. For any Y e C^{M, CfM) C C(M, CfM), 
we have 



mi 



II o (tr®/) o ((-y) (g 1) o {d®I)){f) II 
II ((tr ® /) o * o ((-y) (g) 1) o {d®I)){f ) II 

< II (* o ((-F) ® 1) o (d®/))(/) 11=11 *((-r) ® 1) . ^{{d®i)U)) II 

< II ^{{-Y) ® 1) II . II vi/((d®/)(/)) ihii y II . II *((d®/)(/)) II . 

Recall that X* e C°°{M,TM) C C°°{M,CfM). Therefore 

L'(*(/)) = sup II (*o(tr(g/)o((-X#)® l)o(d®/))(/) II 
11^11=1 

< sup II X* II . II ^mm)) 11= c II *((d®/)(/)) II 
11^11=1 

c||[/?^^*(/)]ll=c•L^(*(/)) 

as desired. □ 
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5.3. Restriction Map. Our goal in this subsection is to prove the second key 
technical fact: 

Proposition 5.6. The restriction map from C{Me,CfM) to B{ne) is isometric. 
In particular, for any f G C°°(Me, Cl'^M) we have 

(22) II *(/) Ihll ^e{f) II . 

First of all, Proposition 15.61 justifies our way of taking C{Mg) as a subalgebra 
of B{TLg) via restriction to Tig. Secondly, it enables us to compute Lg using our 
seniinorm in Subsection 15. 21 and hence to compare it with Lg-. 

Corollary 5.7. On C{Mg) we have 

(23) Lg = L^, 
and 

(24) L\<C- Lg. 

Proof. We prove (j^SJ first. Since ^ is injective it suffices to show on ^{C°°{Mg)). 
For any / e C°°{Mg) we have 

-I^..T,.n^ _ „ rnL^ ,t,..m nO,, „_„ ,t... .^ nUl, 



i^(vI/(/)) = II [D^ ,^if)] ll^ll *((d®/)/) Ihll ^{dgf) Il^ll ^g{dgf) \\ 
^ \\[Df,^g{f)]\\^Lg{^g{f)), 

which yields H23|l . Then on C{Mg) we have 



LimL^^c-L-mc.Lg. 



□ 



Instead of proving Proposition l5.6l directlv. we shall prove a slightly more general 
form. Let ^ be a unital C* -algebra with a strongly continuous action cr of T", which 
we shall set to be C{M,C'fM) later. Assume that A C B{H) and that T" has 
a strongly continuous unitary representation on Ti., which we still denote by a, 
such that the action on .A is induced by conjugation. Then the C*-algebraic 
spatial tensor product A (Si Ag |2] Appendix T.5] acts on H<^L'^{A0) faithfully. 
For any g G Z" = f" let {n^L'^{Ag))q be the g-isotypic subspace of Hi»L'^{Ag) 
for the action (T®r^^. Notice that {'H^L'^{Ag))q is stable under the action of 
{A 8) Ag)"'^^'' for each q G Z". 

Proposition 5.8. For any f G [A ^ AgY^'^ ^ and g G Z" we have 

(25) II / 11=11 f\immAe)u I 

where {T-C(E)L'^{Ag))q is the q-isotypic component of Ti.(E)L'^(Ag) under a®T~^ . 

Proof. Think of —6q as an element of T" via the natural projection K" M"/Z" = 
T". For any p G Z", recalling the skew-symmetric bicharacter ujg in Section |21 we 
have 

UqUpU^q ^ U!g{q,p)ujg{q + p, -q)up = ujg{q,2p)up = (p, -0q) Up ^T_gq{up). 
It follows immediately that for any b G Ag we have 

UqbU-q = T-gq{b). 
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Consequently, for any f ^ A(E> Ae we have 

(1 (g) Ug)/(1 U^g) = (/ T)^gq{f). 

Therefore 

(26) (1 Ug) O / O (1 (X) U-g) = (/®r)_0g O / O {I®T)()q 

on 7i(g)L^(^6i). Clearly 1 is in the g-isotypic component oi A® Aq under 
a®T~^. So l®u-q restricted to {l-L®L'^{Ae))o is a unitary map onto {TL®L'^{Ae))q- 
Since J®t and a®T^^ commute with each other, I®t preserves {TL®L'^{A0))q. 
Thus tells us that for any / e {A®AeY®'^ ^ the two restrictions f\{u®L^{Ag))a 
and f\(H®L'^(Ae))q E^re unitarily conjugate to each other. Hence 

II f\{n®L^{Ae))a IHII f\(H»L'^(Ae)), I 

for all g e Z". Then llSl) follows immediately. □ 

Now Proposition 15.61 is just a consequence of Proposition 15.81 applied to ^ = 
C(M, CfM). 



6. Proof of Theorem 11.11 

In this section we prove Theorem 1 1.1 1 by verifying the conditions in Theorem l4.1l 
for the quadruple (C(Me), Lg, T", / (g) t). Clearly Lq satisfies the reality condition 
(PJ- The condition (1) is already verified in H24() . 

Let a = I ® T, and let a = I^t. Notice that a is in fact an action of T" on 
C{M) ®Ae, under which C{Mg) is stable. For any / G C{Me) and any continuous 
function : T" — > C clearly a^{f) doesn't depend on whether we think of / as 
being in C{Me) or C{M)®Ae, where is the linear map on C{M)®Ae or C{Me) 
defined in Lemma 13.21 

Now we verify the condition (2): 

Proposition 6.1. Let e C(T"). Then ■9{C°°{M)^A^) and «'e(C°°(Me)) are 
both stable under a^. We have 

(27) L^o«^<||(p||i.L^ 
on C{M) ® Ae, and 

(28) Leoa^<\\ip\\i -Le 
on C{Mg). 

Proof. For any / e C°°{M)(^A^ by Lemma lO we have q;^(*(/)) = 4'(a^(/)) 
e ^{C°°{M,S)(E)A^). So ^'(C°°(M)(^^g°) is stable under a^. For any g e 
C°°(Me) by LemmalOwe have a^{g) € C°°(Me). Then ^^(^^(g)) = a^(^'(5)) = 
^-Id^ls)) e «'(C°°(Me)) = ^'e(C°^(Me)). So ^'e(C°°(Me)) is also stable under a^. 

Notice that is invariant under the conjugation of ct®/, and hence Dg is 
invariant under the conjugation of the restriction of cr®/ to He- Then clearly 
and Lg are invariant under a. Also notice that seminorms defined by commutators 
are lower semicontinuous [23 Proposition 3.7]. Then (|27|l and (|28|l follow from 
Remark ESS). □ 



24 



HANFENG LI 



We proceed to verify the conditions (3) and (4). For each g G Z" = T" let 
{C{Me))q be the q-isotypic component of C{Me) under a throughout the rest of 
this section. Also let {C{M))q and {C°° {M))q be the g-isotypic components of 
C(M) and C°°{M) under a. We need: 

Lemma 6.2. For each q G Z" we have 

(29) (C(Me)), = (C(M)),®w„ 
and 

(30) {C{Me))q n ^e{C°°{Me)) = (C°°(M)), ® m,. 

Proo/. Let V = C°°{M)®A^, and let W = C(M) Ae- Let V,, and W^, be the q- 
isotypic component of V and W under a and a respectively. By similar arguments 
as in Lemma IXn we have Vq — C°^{M) ® Uq and Wq = C{M) ® Uq. Then 

{C{Me))q ^WqH W^^'' = (C(M) ® u,)"®""' = (C(M))q ® u,. 
Since ^' is injective, we also have 

{C(Mg))qn-^g{C°^{Mg)) = *(!/, H V"^^"' ) = (M) ® M,)"®""' ) 

= ^iiC^iM))q(^Uq))^iC^iM))q®Uq. 

□ 

The geodesic distance on M defines a seminorm Lp on C{M) via iQ). This makes 
C{M) into a compact quantum metric space (see the discussion after Lemma 4.6 
in 123) • Let rjv/ be the radius. Define a new seminorm L on C(M) hy L = Lp 
on C°°(M), and L = +oo on C{M) \ C°°{M). Since L > Lp, by Proposition [TTTl 
clearly L is also a Lip-norm and has radius no bigger than rM- It is well known 
dEl that 

(31) L(/)=||d/|h||[D,/]|| 

for all / G C°°(M), where we denote the closure of Z? on 7i also by D. Notice that 
for any f = fq®Uq € {C°°{M))q (g) Uq we have 

L^if)=\\ [D^\f] 11 = 11 [DJq]®Uq 11 = 11 [DJq] \\^Lifq). 

Combining this with 123|) . we get 

(32) Le{fq(E>Uq)^L{fq) 

for fq(g)Uq G {C°°iM))q(g)Uq. Froui (EH), (EH and 1201) we see that Le restricted to 
{C{Mg))q can be identified with L restricted to {C{M))q. Then conditions (3) and 
(4) of Theorem 14.11 follow immediately. Then Theorem 11.11 is just a consequence 
of Theorem lO applied to (C(Me), L^, T", a). We also see that (C(Me),Le) has 
radius no bigger than tm + C Jj.„ l{x) dx. 
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